Abstract. On an almost quaternionic manifold (M 4n , Q) we study the integrability of almost complex structures which are compatible with the almost quaternionic structure Q. If n ≥ 2, we prove that the existence of two compatible complex structures
Introduction and main results
An almost hypercomplex structure on a 4n-dimensional manifold M is a triple H = (J α ), α = 1, 2, 3, of almost complex structures J α : T M → T M satisfying the quaternionic identities J 2 α = −id and J 1 J 2 = −J 2 J 1 = J 3 . When each J α is a complex structure, H is said to be a hypercomplex structure on M .
An almost quaternionic structure on M is a rank-3 subbundle Q ⊂ End(T M ) which is locally spanned by almost hypercomplex structures H = (J α ); such a locally defined triple H will be called an admissible basis of Q and we will write Q = H . We will also say that Q is a quaternionic structure when there is a torsionless connection ∇ on T M preserving Q -i.e. ∇ X σ ∈ Γ(Q) for all vector fields X and smooth sections σ ∈ Γ(Q). For short we will also say that (M 4n , Q) is a (almost) quaternionic manifold and ∇ is a (almost) quaternionic connection. For n = 1 an almost quaternionic structure is the same as an oriented conformal structure and it turns out to be quaternionic always; however we will consider the four-dimensional case only in §5. When n ≥ 2 instead, the existence of a torsionless connection is a fairly strong condition on (M 4n , Q) which is equivalent to the 1-integrability of the associated GL(n, H)Sp(1)-structure.
When n ≥ 2 the Riemannian version of quaternionic manifold is the notion of a quaternion-Kähler manifold (M 4n , Q, g) where Q is a quaternionic structure Typeset by A M S-T E X 1 invariant under the Levi-Civita connection of g . It is equivalent to say that the holonomy group of g is contained in Sp(n)Sp(1). We will not consider the quaternionKähler case here and leave the study of almost complex structures on such manifolds and on Riemannian four-manifolds to a forthcoming paper.
A first consequence of the definition of an almost quaternionic manifold is that the bundle Q has structure group SU (2) / Z 2 = SO(3). We then have a natural inner product , on Q by taking each admissible basis H = (J α ), α = 1, 2, 3, to be an orthonormal basis. The twistor space Z of (M 4n , Q) is defined to be the unit sphere bundle of (Q, , ); the projection t : Z → M is called the twistor fibration and for p ∈ M a fiber t −1 (p) ∼ = S 2 is called a twistor fiber . A local section I : M → Z of the twistor fibration is a field of endomorphisms of the form I = 3 α =1 c α J α where c α are smooth functions satisfying 3 α =1 c 2 α = 1. Therefore I 2 = −id, that is I is an almost complex structure. We will say that an almost complex structure on (an open subset of) M is compatible with the almost quaternionic structure Q if it is a (local) section of Z.
Let us also recall that the existence of compatible complex structures on quaternionic manifolds (M 4n , Q) was investigated in [P1] while admissible almost hypercomplex structures were considered in [AM] .
In the present paper we study the relationships between the 1-integrability of the almost quaternionic structure Q and the existence of compatible complex structures. It is well known, and we also provide a lot of evidence for this fact, that quaternionic manifolds are a good analogue of anti-self-dual conformal four-manifolds in higher dimensions. For example, they have a very similar twistor theory and they can also be characterized in terms of existence of sufficiently many compatible complex structures. However there are also some differences. It is known that any Riemannian four-manifold with three compatible complex structures must be antiself-dual [S4] , but there exists non anti-self-dual compact conformal four-manifolds with exactly two compatible complex structures [K] .
On the other hand we prove in §2 that if n ≥ 2 an almost quaternionic manifold (M 4n , Q) with two compatible complex structures I 1 = ±I 2 is necessarily quaternionic. A consequence is that I 1 and I 2 form a constant angle -i.e. the inner product I 1 , I 2 is a constant function -if and only if Q = H where H is a globally defined hypercomplex structure generated by I 1 and I 2 , over the real numbers R, see remark 2.2. This last result was known to Grantcharov [Gr] in dimension 4 and has also been proved independently by Gauduchon [G3] in any dimension.
In §3 we develop the twistor theory of almost quaternionic manifolds by considering a special class of Q-preserving connections called Oproiu connections [AM] . All such connections have the same torsion and can be used to define a canonical almost complex structure on the twistor space of (M 4n , Q) . This is a natural generalization of the twistor construction of [AHS] for n = 1 and of [S1] , [S3] for n ≥ 2. In particular we show that for n ≥ 2 the twistor space is a complex manifold if and only if Q is a quaternionic structure.
In §4 we collect our main results and show that an almost quaternionic manifold (M 4n , Q) with n ≥ 2 is quaternionic if and only if it locally admits an abundance of compatible complex structures or if and only if there locally exist two compatible complex structures. To show that our result cannot be improved, we conclude §4 with examples of almost quaternionic manifolds with a compatible complex structure which is unique even locally.
In §5 we concentrate on the four-dimensional case and prove a "maximum principle" for the angle function a = I 1 , I 2 . In particular we show that when (M 4 , g, or) is compact oriented and anti-self-dual the non-constant map a =< I 1 , I 2 >: M → [−1, 1] is surjective. This result has been used to give a classification of such Riemannian four-manifolds admitting two compatible complex structures [P2] .
Acknowledgements. The last two authors would like to thank Paul Gauduchon for the course on the Riemannian Golberg-Sachs theorem he gave in Rome at the Department of Mathematics "G. Castelnuovo" on October 1996 and which inspired to us some of the results of §3.
Almost quaternionic structures
Let (M 4n , Q) be an almost quaternionic manifold. In this section we consider the situation when there exist two compatible (almost) complex structures I 1 = ±I 2 which are globally defined on M . We can always choose a local admissible basis H = (J α ) of Q such that I 1 = J 1 and I 2 = aJ 1 + bJ 2 with a 2 + b 2 = 1. Then we have I 1 , I 2 = a and we will be interested in the (globally defined)"angle" function a : M → [−1, 1] given by a(p) = I 1 , I 2 (p). Many of the simple algebraic properties of I 1 and I 2 can be expressed in terms of this function as explained below.
Remarks 2.1.
(1) a(p) = ±1 if and only if I 1 = ±I 2 at p ∈ M , or if and only if they commute at p. Notice that by assumption a is not identically equal to ±1.
(2) The anti-commutator {I 1 , I 2 } := I 1 I 2 + I 2 I 1 satisfies the following identity with strict inequality |a| < 1 always span an almost hypercomplex structure on M .
(4) The commutator [I 1 , I 2 ] := I 1 I 2 − I 2 I 1 = 2b J 3 belongs to Q and therefore at each point where I 1 = ±I 2 we have that
is the only compatible almost complex structure (up to sign) which is orthogonal to the 2-plane spanned by I 1 and I 2 .
(5) If tr denotes the trace of an endomorphism of T p M then the function tr(I 1 I 2 ) = 1 2 tr{I 1 , I 2 } = −a tr(id) = −4na. Therefore the scalar product a = I 1 , I 2 = − 1 4n tr(I 1 I 2 ). (6) A Riemannian metric g on (M 4n , Q) is said to be Q-Hermitian if it is Hermitian with respect to every compatible almost complex structure; it is not difficult to see that such metrics always exist. Notice that for any Q-Hermitian metric g and g-orthonormal frame E 1 , ..., E 4n the following relation holds:
A similar situation has been studied by Tricerri in [T1] and [T2] where he considered a manifold M equipped with two almost complex structures I 1 and I 2 which span a subalgebra S of End(T M ) of real dimension 4 and proved that there is a Riemannian metric g which is Hermitian with respect to I 1 and I 2 if and only if I 1 and I 2 commute or else satisfy the algebraic condition that I 1 I 2 + I 2 I 1 = −2a id for some function a : M → (−1, 1); he also showed that this is equivalent to the condition that S is isomorphic to the algebra of quaternions H. He also constructed an almost hypercomplex structure on the total space of the tangent bundle of any almost complex manifold.
Throughout this section we will assume that I 1 and I 2 are compatible complex structures on a almost quaternionic manifold (M 4n , Q) with n ≥ 2 and deduce that Q is in fact a quaternionic structure. We start by recalling the following "rigidity" result which holds for any two complex structures compatible with a fixed Riemannian metric and orientation.
Remark 2.2. It was shown in [P2, proposition 1.3] that two different complex structures I 1 , I 2 which are compatible with the same Riemannian metric cannot have a contact of infinite order; therefore
In what follows it will be usefull to notice that we can define an admissible basis H = (J α ) of Q on A by the following formulas
When a and b are constant and H = (J α ) is actually hypercomplex we will say that I 1 and I 2 generate a hypercomplex structure, over R.
We start by recalling some definitions and preliminary results on the relation between hypercomplex and quaternionic structures.
Let H = (J α ) be an almost hypercomplex structure on M. The structure tensor of H is defined as
where the Nijenhuis bracket [[A, B] ] of two endomorphisms is defined in terms of the Lie bracket of vector fields in the following way:
for any vector fields X and Y . The Nijenhuis bracket of an almost complex structure J is of particular importance because, by the Newlander-Nirenberg Theorem, [[J, J]] = 0 is a necessary and sufficient condition for the integrability of J for all α . For the almost hypercomplex structure H = (J α ) there exists a unique linear connection ∇ H which preserves H, that is ∇ H J α = 0, α = 1, 2, 3, and whose torsion tensor equals T H . ∇ H is called the Obata connection of H (see for example [AM, pag. 37] ) and it is known that the torsion of ∇ H vanishes, T H = 0, if and only if H is hypercomplex .
Setting T H X Y := T H (X, Y ) we refer to [AM] for the following facts:
where τ
are the structure 1-forms of H.
The structure tensor T Q of an almost quaternionic structure Q which is locally generated by H = (J α ) is given by
where ∂ denotes the operator of alternation. Notice that T Q depends only on Q and furthermore T Q = 0 if and only if Q is a quaternionic structure -i.e. there is a torsionless connection preserving Q. This condition is always satisfied when n = 1 [AM] . When n ≥ 2 , a necessary and sufficient condition for the vanishing of the tensor T Q is the following.
Proposition 2.3. Assume n ≥ 2. Then Q is quaternionic if and only if in a neighborhood of any point there exists a local admissible basis H = (J α ) such that the structure tensor T H has the form
where a α (α = 1, 2, 3) and c are 1-forms.
Proof. It is straightforward to show that identities (2.2) and (2.3) imply c = 0 and
and the conclusion follows by comparing with (2.4).
We are now ready to prove the main result of the section which is in surprising contrast with the four-dimensional case [S4] , [K] , see also 4.2 and 5.8.
Theorem 2.4. Let Q be an almost quaternionic structure on M 4n with n ≥ 2. If there exist two compatible complex structures I 1 = ±I 2 , then Q is a quaternionic structure.
Proof. Let H = (J α ) be the almost hypercomplex basis (2.1) defined on the open dense set A where
By continuity it suffices to show that the structure tensor T Q = 0 on A, in other words it suffices to show that T H satisfies the equation of proposition 2.3. For this purpose in the calculations of the present proof we are allowed to neglect terms of the form ∂(
and by ≡ we will mean that two expressions are equal up to terms of the above specified type. For example the above equation is replaced by the following equivalence
In order to show that T H ≡ 0 we will use the integrability of I 1 = J 1 and
≡ 0 certainly holds at all points where a = 0 because of (2.5) and the fact that I 2 is integrable. Therefore in the following computation it is enough to assume that ab = 0.
From [AM, (3.4 .1) ] we have that
Then, by taking into account the following identities for the Nijenhuis tensor of the almost-complex structure J 2 , that is
From (2.5), the integrability of I 1 = J 1 and I 2 and dividing by ab 2 = 0 we obtain:
On the other hand if we change (X, Y ) with (
and by comparison we deduce that
Recall that a hypercomplex structure on a manifold M is defined by two anticommuting complex structures I 1 and I 2 ; in other words I 1 and I 2 form a 90-degree angle. As an application of what we just proved we now show that in fact it is enough to assume that the angle is constant. This result holds in any dimension and it was also proved independently by Gauduchon [G3] .
Proposition 2.5. Let (M 4n , Q) be almost quaternionic with n ≥ 1. Two compatible complex structures I 1 , I 2 generate, over R, a hypercomplex structure H = (J α ) if and only if the function a = I 1 , I 2 is a constant different from ±1. In this case (M 4n , Q) is necessarily quaternionic or anti-self-dual when n=1.
Proof. By hypothesis a and b are constant therefore the proof of theorem 2.4 goes through globally on M with each ≡ sign replaced by equality. The conclusion in this case is that J 2 and J 3 are both integrable so that (J α ) is a globally defined hypercomplex structure on M .
Remark 2.6. An easy consequence of the above proposition is the known result that if H = (J α ) is almost hypecomplex with J 1 and J 2 integrable then J 3 is also integrable. This also follows from (2.7) or from (4.1).
Remark 2.7. It is shown in [AGS] that the Iwasawa manifold (M, g) of real dimension 6 admits an S 2 -worth of Hermitian structures (J α ) α ∈S 2 such that g(J α , J β ) = constant. However M admits no hypercomplex structures for dimensional reasons.
The twistor space of an almost quaternionic manifold
We show in this section that the twistor space Z of an almost quaternionic manifold (M 4n , Q) admits a canonical almost complex structure J. The idea is to apply the usual tautological twistor construction of Penrose to a restricted class of almost quaternionic connections called Oproiu connections, see [AM] and text below. Our construction therefore generalizes the four-dimensional case considered in [AHS] as well as the quaternionic case of Salamon [S1] , [S3] .
Given an almost quaternionic manifold (M 4n , Q) , we consider the twistor fibration t : Z → M with total space Z = {q ∈ Q| q, q = 1} and fiber t −1 (p) equal the 2-sphere of compatible almost complex structures on T p M ; for this reason a point of Z will be usually denoted by J. Because Z is a bundle of almost complex structures any almost quaternionic connection ∇ on T M induces a connection also denoted by ∇ in Z ⊂ End(T M ) which can be used to define a 'tautological' almost complex structure J ∇ on Z. Our aim is to show that Z carries a canonical almost complex structure J which depends only on Q and not on a particular almost quaternionic connection ∇.
For this purpose recall that an almost quaternionic connection ∇ on (M 4n , Q) is called an Oproiu connection if its torsion tensor T ∇ = T or(∇) coincides with the structure tensor of Q:
Oproiu also defined [O] a projection which associates to any almost quaternionic connection ∇ an Oproiu connection
Op ∇ so that any almost quaternionic manifold (M 4n , Q) admits many such connections. The important fact is that any two Oproiu connections ∇ and ∇ on T M are related by
for any vector field X and local admissible basis (J α ) on M . Therefore the induced connections on Z ⊂ End(T M ) are related by
For an almost quaternionic connection ∇ on (M 4n , Q) , the Penrose almost complex structure J ∇ on Z is defined in the following way. At each point J ∈ Z we split the tangent space
into the vertical space V = Ker(t * ) and the horizontal space H ∇ of the connection ∇. For any compatible complex structure J on T p M the vertical space V J is the space Ker(t * ) tangent to the fiber t −1 (p) = S 2 and is therefore given by those elements of Q which are orthogonal to J:
As usual the endomorphism J ∇ is defined to preserve the splitting (3.2) by the formulas
where q ∈ V J andX, JX are the ∇-horizontal lifts of X, JX ∈ T p M . The remarkable fact is that the almost complex structure J ∇ : T Z → T Z does not depend on the Oproiu connection ∇. Our proof is completely analogous to the argument of Gauduchon in the conformal Riemannian case [G1] .
Theorem 3.1. For any n ≥ 2 the twistor space Z of an almost quaternionic manifold (M 4n , Q) admits a canonical almost complex structure J. Furthemore, (Z, J) is a (2n + 1)-dimensional complex manifold if and only if (M 4n , Q) is a quaternionic manifold -i.e. T Q = 0.
Proof. Let ∇ and ∇ be two Oproiu connections on (M 4n , Q) . We want to show that the two tautological almost complex structures defined as above are equal:
We will then set J = J ∇ for any Oproiu connection ∇ on (M 4n , Q) . For any tangent vector U ∈ T J Z we will denote by J 1 (t) a curve in Z extending J and tangent to U -i.e. J 1 (0) = J and J 1 (0) = U . Similarly, let J 2 (t) be a curve with J 2 (0) = J and J 2 (0) = JU and let also t * U = X ∈ T p M . By the definition of covariant derivative, the ∇-vertical component of U is ∇ X J 1 (t) and we will write the decomposition of U as
where X ∇ is the horizontal lift of X ∈ T p M . Similarly
valid for any admissible basis of Q of the form H = (J 1 = J, J 2 , J 3 ), see [AM, 1.3.2] .
To investigate the integrability of J we compute the Nijenhuis tensor N J using the formulas of Gauduchon [G1, p. 615] which are still valid for any almost quaternionic connection ∇. In particular it follows from there that ifX andỸ are the ∇-horizontal lifts in T Z of vector fields X, Y in T M then the ∇-horizontal component of N J (X,Ỹ ) is projected to −T ∇ X Y by t * . Since ∇ is an Oproiu connection the integrability of J implies the 1-integrability of Q -i.e. T Q = 0. Viceversa it is well known that (Z, J) is a complex manifold when (M 4n , Q) is quaternionic [S1], [AG] .
Before stating some of the properties of the almost complex manifold (Z, J) in proposition 3.6 we need some preliminary results. Let (M 4n , Q) be an almost quaternionic manifold with almost quaternionic connection ∇. Then for any admissible basis H = (J α ) of Q there are connection 1-forms (ω α ), α = 1, 2, 3 with
where (α, β, γ) is a cyclic permutation of (1, 2, 3).
Lemma 3.2. Let J be a compatible almost complex structure and let (J = J 1 , J 2 , J 3 ) be an admissible basis of (M 4n , Q) . Then
Proof. The conclusion follows immediately using (3.6):
Definition 3.3. Let H = (J α ) be an admissible basis and ∇ H the associated Obata connection. Then we define the Oproiu connection of H by
where the structure 1-forms τ H α are defined in (2.3). Remarks 3.4.
1)
Op ∇ H is the Oproiu projection of the Obata connection ∇ H .
2) The connection 1-forms of
Op ∇ H are twice the structure 1-forms τ H α :
Proposition 3.5. For any admissible basis H of Q the structure 1-forms τ H α and the connection 1-forms ω α of any Oproiu connection ∇ are related by
Proof. This is obvious for the Oproiu connection of H and it follows for any Oproiu connection by (3.1), and (3.5).
We are now ready to prove the following result which gives conditions for a section of the twistor fibration t : Z → M to be a pseudo-holomorphic map and extends well known results in the quaternionic and conformal cases, see [S2] , [G1] , [BdB] for the latter case.
Proposition 3.6. Let (M 4n , Q) be an almost quaternionic manifold with twistor space (Z, J). For a compatible almost complex structure J on M the following conditions are equivalent:
( (4) implies (1) because the image of a parallel J is horizontal and therefore J-stable.
The last statement follows by applying [KN, prop. 3.6 (1) ] to the Oproiu connection ∇ J .
Remarks 3.7. 1) Our proof of theorem 3.1 shows that two almost quaternionic connections ∇ and ∇ induce the same almost complex structure J ∇ = J ∇ on Z if and only if they have the same torsion: T ∇ = T ∇ . It also shows that the vanishing of the torsion T ∇ is a necessary condition for the integrability of J ∇ . 2) When n = 1 an almost quaternionic structure is the same as an oriented conformal structure [g] (see paragraph 5 below) and an Oproiu connection is a Weyl connection; in this dimension our construction coincides with the one in [AHS] and indeed our treatment is directly taken from Gauduchon [G1] . Notice that any Weyl connection ∇ is torsion-free but in the conformal case the integrability of J ∇ is subject to a condition on the curvature R ∇ , namely that the Weyl tensor W of [g] is anti-self-dual: W = −W . When n > 1 the condition on the curvature R ∇ is automatically satisfied by any quaternionic connection [B, Proof of 14.74] .
3) As it is well known in the conformal and quaternionic cases, the twistor space Z satisfies the following naturality property. The group of almost quaternionic tranformations of (M 4n , Q) is isomorphic to the group of pseudo-biholomorphisms of (Z, J) which commute with the anti-pseudo-holomorphic involution τ : Z → Z given by τ (J) = −J.
Quaternionic manifolds
In this section we will concentrate on the situation when (M 4n , Q) is a quaternionic manifold equipped with a quaternionic connection ∇, that is a torsionless connection which preserves Q. We start with a necessary and sufficient condition for the integrability of a compatible almost complex structure. This condition is formally equal to the Riemannian case [G2, lemma 2] and holds for any n ≥ 1. 
Proof. Recall first that the two conditions are equivalent by lemma 3.2. The Nijenhuis tensor
of J can be written by means of the torsionless connection ∇ as follows:
This proves one direction of the statement. To prove the other direction, let (J = J 1 , J 2 , J 3 ) be an admissible basis, then from (3.6)
This implies that for n > 1 the Nijenhuis tensor N J = 0 if and only if ω 2 • J 2 − ω 3 • J 3 = 0 by choosing a vector X which does not belong to the quaternionic line generated by Y . The same conclusion holds also for n = 1 as the following formula shows :
We are now ready to prove the main result of the section which gives a precise relation between the local existence of compatible complex structures on quaternionic manifolds and twistor theory. It should be compared with the four-dimensional situation described in 5.8. Theorem 4.2. For an almost quaternionic manifold (M 4n , Q) with n ≥ 2 the following conditions are equivalent:
The twistor space (Z, J) is a complex (2n + 1)-manifold. (3) For any point p ∈ M and any compatible complex structure J at T p M there exist (infinitely many) integrable compatible complex structures which extend J in a neighborhood of p. (4) In a neighborhood of any point p ∈ M there exist two compatible complex structures I 1 = ±I 2 .
Proof. By theorem 2.4 we have that (4) implies (1) which in turns implies (2) by theorem 3.1. When (Z, J) is a complex manifold, for any point J ∈ Z there are plenty of locally defined smooth complex hypersurfaces D which contain J and have intersection number 1 with the fibers of the twistor fibration which are holomorphically imbedded CP 1 's. But then any such D can be thought of as a compatible complex structure extending J in a neighborhood of t(J) = p ∈ M , by 3.6 and 4.1. This shows that (2) implies (3).
Remarks 4.3. 1) In contrast to the local situation described above, there exist compact quaternionic manifolds (M 4n , Q) which do not admit globally defined compatible complex structures -e.g. compact quaternion-Kähler manifolds which are not locally hyper-Kähler . On the other hand there exist compact quaternionic manifolds which admit globally defined compatible complex structures and are not locally hypercomplex [P1] .
2) The result of theorem 4.2 cannot be improved. In 5.10 we will construct two examples, one local and the other compact, of almost quaternionic manifolds with a compatible complex structure which is unique even locally.
Four-dimensional manifolds
In dimension four quaternionic geometry is the same as conformal geometry. More precisely a quaternionic structure Q on an oriented manifold (M 4 , or) is just the choice of a conformal class of Riemannian metrics [g] . In terms of Gstructures this is simply the isomorphism CO + (4) = R + SO(4) = GL(1, H)Sp(1). Each representative g ∈ [g] defines a SO(4) = Sp(1)Sp(1)-structure on M 4 and the quaternionic bundle Q can be identified with the bundle of self-dual 2-forms Λ 2 + -i.e. the 2-forms which are invariant under the Hodge star operator : Λ 2 → Λ 2 . Notice that because is conformally invariant on middle-dimensional forms, the bundle Q ∼ = Λ 2 + is independent of g ∈ [g] and the Levi-Civita connection of any g ∈ [g] preserves Q. For these reasons throughout this section we will use the notation Q = ([g], or ).
An almost complex structure J on (M 4 , [g], or) is compatible with Q if and only if J induces the given orientation on M 4 and for all X, Y ∈ T M we have g(JX, JY ) = g(X, Y ) for some (and hence any) metric g ∈ [g]. If we fix a Riemannian metric g ∈ [g] we can consider the Kähler form F of J which induces an isomorphism F : Λ 1 → Λ 3 so that there always exists θ ∈ Λ 1 (M ) satisfying dF = θ ∧ F ; the 1-form θ is called the torsion form or Lee form of the almost Hermitian structure (g, J) and it also satisfies θ = −δF • J. It is easily seen that when g is replaced by a conformally related metric e f g the Lee form θ is replaced by θ + df .
As in §2 we are interested in the situation when (M 4 , [g], or) admits two compatible complex structures I 1 = ±I 2 and we will need the observation that when J 1 and J 2 are compatible with [g] the difference of the Lee forms θ 1 − θ 2 does not depend on the particular Riemannian metric g ∈ [g].
The following formula for the differential of the angle function a is due to Grantcharov [Gr] . Notice that both a and θ 1 − θ 2 are conformal invariants.
Proposition 5.1. Let I 1 and I 2 be compatible complex structures on (M 4 , [g], or).
Proof. Let ∇ be the Levi-Civita connection of g. From remark 2.1 (5) we have
Because I 1 is integrable a well known formula [KN, p.148] implies that
Similarly for I 2 and the proposition follows.
Corollary 5.2. [Bo] Two compatible complex structures I 1 = ±I 2 on (M 4 , [g], or) generate a hypercomplex structure (over R) if and only if they have the same Lee form.
The main result of this section is the following 'maximum principle'. Theorem 5.3. Suppose that (M 4 , [g], or) admits two compatible complex structures I 1 = ±I 2 and let p ∈ M 4 be a local extremum of the angle function a with a(p) = ±1. If the 1-form θ 1 − θ 2 is closed then all covariant derivatives of a must vanish at p. If furthermore I 1 , I 2 induce the same real analytic structure or if the 1-form θ 1 − θ 2 is harmonic with respect to some g ∈ [g] then a must be constant.
Proof. Since a(p) = ±1, in a neighborhood of p, we can set a = cos α and define a new complex structure
for some function l defined in a neighborhood of p. Notice that p is also a local extremum of α . The proof of the theorem rests on the following two lemmas of multilinear algebra. To simplify the notation we will denote by A m the m − th covariant derivative of α at p; similarly L m will denote the m − th covariant derivative of l at p so that A m and L m are elements of ⊗ m (T * p M ) and (5.1) can be written as A 1 = L 1 • K. The first lemma tells us that similar relations hold for higher order derivatives:
Lemma 5.4. Under the hypothesis of theorem 5.3 suppose also that the covariant derivatives of a at p vanish up to order n − 1. Then, for all v 1 , . . . , v m ∈ T * M and for all m ≤ n we have that
Proof of Lemma. By induction on n. When n = 2 equation (5.1) implies that ∇l = ∇α = 0 at p so that
Denote by V the complexification C⊗T * p M of the cotangent space of M at p and consider the decomposition V = V 1,0 ⊕ V 0,1 into sum of (±i)-eigenspaces of the almost complex structure K. We know that the first covariant derivatives of both α and l vanish at p. Assume now that there exist the least integer m ≥ 2 such that A m = 0. By lemma 5.4 we have that (5.2) holds for any complex cotangent vectors v 1 , . . . , v m ∈ V and for short we will use the notation A m = L m • K. Furthermore since A n = L n = 0 for n < m A m and L m are symmetric tensors. We may consider them as elements of the m-th symmetric power S m V of V . The almost complex structure K induces a decomposition of every tensor space over V into types -e.g. S m V = ⊕ p+q=m S p,q V . As a consequence of lemma 5.4 we have the following result:
Lemma 5.5. Let p ∈ M be a critical point of a with a(p) = ±1 and let m ≥ 2 be the least integer such that
Proof of Lemma. Let {e r } r=1,...,4 be a basis of V 1,0 and {ē r } r=1,...,4 be a basis of V 0,1 ; we can write L m = r M r ⊗ e r + r N r ⊗ē r where each M r and N r are (m − 1)-tensors; and we also have
Since A m and L m are both symmetric we have that L m − iA m = 2 r M r ⊗ e r is also symmetric; this forces M r to be of type (m − 1, 0) for each r. Similarly L m + iA m symmetric implies that N r is of type (0, m − 1) for each r and therefore the decomposition of A m into types is A m = A m,0 + A 0,m and the lemma is proved.
It is now easy to finish the proof of theorem 5.3: since A m is a real tensor we also have that A 0,m = A m,0 . Let now X = v +v ∈ T p M be a real tangent vector and compute . , X) which shows that A m cannot be semidefinite unless it is zero. The first part of the theorem is proved.
Assume now that I 1 , I 2 define the same real analytic structure on M . Then the angle function a = − 1 4 tr(I 1 I 2 ) is real analytic; hence it is constant if it is flat in one point. Similarly, if θ 1 − θ 2 is harmonic the same holds for the locally defined function l which therefore has to be constant if it is flat at one point.
A nice application of the above theorem is the following result which was used in the classification of compact anti-self-dual manifolds with two compatible complex structures [P2] ; recall that the conformal Weyl tensor W of an oriented four-manifold with conformal structure [g] decomposes into W = W + + W − with (W ± ) = ±W ± . The manifold (M 4 , [g], or) is said to be anti-self-dual if and only if W + = 0; this notion is important also because it provides a useful link to complex geometry given by the fact that the Penrose twistor space Z of an anti-selfdual manifold is a complex three-dimensional manifold [AHS] .
Corollary 5.6. Let (M 4 , [g], or) be a compact anti-self-dual four-manifold with two compatible complex structures I 1 = ±I 2 . If the function a : M → [−1, 1] is not constant then it must be surjective and the preimages a −1 (±1) are two disjoint curves which are complex with respect to both I 1 and I 2 .
Proof. In this case it is shown in [P2] that θ 1 − θ 2 is harmonic for some g ∈ [g]. If a is not onto there exists a global extremum p ∈ M with a(p) = ±1 and the result follows from theorem 5.3. Furthermore a −1 (±1) are complex curves because they can be thought as the intersection of the complex hypersurfaces I 1 (M ) and ±I 2 (M ) in the complex 3-manifold Z which is the twistor space of (M 4 , [g], or) [P2] . Here we consider a complex structure I as a section I : M → Z.
Remark 5.7. It was communicated to us by Gauduchon that d(θ 1 − θ 2 ) = 0 implies that ([g], or) is anti-self-dual .
The following statement describes results of various authors [AHS] [S4] [K] , see also [P2] , by relating twistor theory, anti-self-duality and the existence of compatible complex structures in four-dimensional Riemannian geometry. It should be compared with theorem 4.2. (1) (M 4 , [g], or) is anti-self-dual . (2) The twistor space (Z, J) is a complex 3-manifold. (3) For any point p ∈ M and any compatible complex structure J at T p M there exist (infinitely many) integrable compatible complex structures which extend J in a neighborhood of p. (4) In a neighborhood of any point p ∈ M there exist three compatible complex structures I 1 , I 2 and I 3 with I i = ±I j for i = j.
Proof. The twistor space of (M 4 , [g], or) and the equivalence between (1) and (2) were described in [AHS] following ideas of Penrose. That (2) implies (3) is a standard argument which can also be found in our proof of 3.2. Obviuosly (3) implies (4). Finally, Salamon proved that (4) implies (1) [S4, p. 121 ], see also [P2] .
Remark 5.9. It was shown by Kobak [K] that there are explicit examples of oriented Riemannian four-manifolds, even compact, with exactly two compatible complex structures. Therefore the result of 5.8 cannot be improved.
The following examples show that theorem 4.2 cannot improved either.
